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E-mail address: jschen@ntu.edu.tw (J.-S. Chen).In this paper we study the static deformations and vibration frequencies of a clamped–clamped spatial
elastica. One clamp is ﬁxed in space, and the other is attached to a slider which is allowed to slide without
friction on a linear track. Emphasis is placed on the effect of the slope difference between the two clamps
on the response of the elastica when the slider is under the action of an edge thrust. The equations of
motion of the elastica are formulated within the framework of director theory, and the static deforma-
tions and vibration frequencies are calculated by shooting method. An experimental set-up is designed
to examine the theoretical predictions. When the slope difference between the two clamps is smaller
than 68, two separate load-deﬂection curves can be found; one for spatial deformation and the other
for purely planar deformation. In force control, the elastica-slider assembly may jump between planar
and spatial deformations as the edge thrust increases or decreases monotonically. In displacement con-
trol, on the other hand, no jump will occur. In the case when the slope difference is greater than 68, only
planar deformation exists.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
In transmission of motion or force between two locations,
compact space such as in miniature devices usually makes the
conventional rigid body joint pairs impractical. In such a case, it
is desirable to use as few components as possible in a device. This
demand of structural simplicity gave birth to the concept of com-
pliant mechanism (Howell, 2001), which consists of at least one
ﬂexible member along with the conventional rigid links. In
analyzing the motion of this type of mechanism, the ﬂexible link
is usually treated as an elastic beam capable of large deformation,
or an elastica. In designing this type of compliant mechanism, the
deformation of the elastica under various loading conditions
becomes one of the central issues.
Shoup and McLarnan’s (1971, 1972) idea of using a clamped–
clamped elastica as a nonlinear spring may be considered as one
of the earlier compliant mechanism designs. The axes of the two
clamps in their design are parallel to each other with an offset in
height. They demonstrated that this single ﬂexible strip can be
used to replace the toggle arm, spring, and stop in a conventional
toggle mechanism. Chen and Lin (2008) extended the analysis to
the case when the axes of the two clamps are non-parallel. This
simple device can be used to transfer longitudinal force in different
directions in a compact space.
In Chen and Lin (2008), a metallic strip was used to demon-
strate the snap-through jump of the clamped–clamped planarll rights reserved.
x: +886 2 2363 1755.elastica when it is under force control. In this paper, we replace
the strip with an elastic wire made of titanium–nickel alloy. The
difference between the strip and the wire is that the deformation
of the wire is no longer limited on a plane. As a result, the deforma-
tion and vibration analysis must be extended to the case of a spa-
tial elastica.
In most of the previous work on static deformation of spatial
elastica, the rod is initially straight before end loads are applied.
As a consequence, the rod buckles ﬁrst and deforms laterally there-
after. Atanackovic and Glavardanov (2002) and Glavardanov and
Maretic (2009) studied the effects of shear and axial compressibil-
ity on the buckling load of a rod under thrust and twist. In recent
years intensive research on the post-buckling behavior of an elastic
rod under end loading was conducted, notably by a group of
researchers in the United Kingdom; see Thompson and Champneys
(1996), Miyazaki and Kondo (1997), van der Heijden et al. (1998,
2003), van der Heijden and Thompson (2000), Stump et al.
(2001), Neukirch and Henderson (2002), Neukirch et al. (2002),
Henderson and Neukirch (2004), Goss et al. (2005), Coman
(2006) and Phungpaingam et al. (2009, 2012).
Compared to static analysis, the studies on the vibration analy-
sis of spatial elastica are relatively rare. Lu and Perkins (1994) used
Hamilton’s principle to formulate the equations of motion of a spa-
tial elastica in a Serret-Frenet triad and used Galerkin method to
solve for the natural frequencies of a compressed and twisted
rod. Cusumano and Moon (1995) investigated the chaotic non-
planar vibration of a thin elastica. The particular geometry (a thin
ﬂat strip) of their specimen allows the authors to neglect one
component of the rotational kinetic energy and assume that one
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tial effect in the balance of moment, Plaut and Virgin (2004) stud-
ied the three-dimensional vibration of a vertical half-loop under
self-weight.
It is noted that some previous works have been devoted to the
vibration analysis of spatial rods with certain simpliﬁcations. In
one group, linear strain is used in the formulation; see Karami
et al. (1990) and Yu et al. (2010). In this approach, the transverse,
axial, and twisting deformations are uncoupled because of the
adoption of linear strain. In another group, nonlinear Lagrangian
strain is adopted, but the curvature of the beam is assumed to be
proportional to the second derivative of the displacement; see
Fonseca and Ribeiro (2006) and Alonso and Ribeiro (2008). The re-
sults of this approach are still limited to small deformations. The
beam models in these two groups are not of elastica type.
In this paper we study the static deformations and vibration fre-
quencies of a clamped–clamped spatial elastica. One clamp of the
elastica is ﬁxed in space, and the other is attached to a slider which
is allowed to slide without friction on a linear track. In Section 2,
we deﬁne the problem and formulate the equations of motion of
the elastica within the framework of director theory. In Section 3,
we present the static analysis when the slider is under the action of
a quasi-static edge thrust. In Section 4, a linear vibration analysis is
performed in the neighborhood of a static equilibrium. Both force
and displacement controls are considered. In Section 5, an experi-
mental set-up designed to examine the theoretical predictions is
described. In Section 6, static load-deﬂection relations between
the edge thrust and the slider displacement are presented with
experimental veriﬁcation. In Section 7, the predictions and mea-
surements of natural frequencies are presented and compared. In
Section 8, several conclusions are summarized.
2. Equations of motion
We consider a uniform, inextensible, unshearable, elastic rod
with length l, Young’s modulus E, shear modulus G, and mass den-
sity per unit volume l. The principal area moment and polar area
moment of the cross section are denoted I and J, respectively. The
two ends of the rod are denoted O and B, as shown in Fig. 1. End O
is clamped and ﬁxed in space. End B is also clamped, but the clamp
itself, with massmc, may move a distance d

B on a straight line after
the application of a longitudinal pushing force PB. It is noted that
clamp B is not allowed to rotate about the longitudinal axis. An
x⁄y⁄z⁄-coordinate system with origin attached to end O is chosen
to describe the geometry of the rod. The z⁄-axis is pointing out of
the paper. The inertial orthonormal frame {ex, ey, ez} is associated
with the x⁄y⁄z⁄-coordinate system.
The initial conﬁguration of the neutral axis of the rod with
PB ¼ 0 is a circular arc with radius q on the x⁄y⁄-plane. The rotation
angles of the rod at ends O and B with respect to the x⁄-axis are
speciﬁed as hO = 0 and hB, respectively. The relations between some
geometric parameters are
l ¼ qhB; xB ¼ q sin hB; yB ¼ qð1 cos hBÞ; zB ¼ 0 ð1Þ
(xB; y

B; 0) are the coordinates of point B.*
BP
BθO 
B
*
Bδ
*x
*y
Fig. 1. A rod placed between two clamps with speciﬁed directions. End O is
completely ﬁxed in space, while clamp B is under a longitudinal force PB.It is assumed that the cross section of the rod remains plane and
normal to the neutral axis after deformation, the so-called Euler-
Bernoulli model. The neutral axis of the rod is deﬁned as the locus
of all the centroids of the cross sections of the rod. The location of a
material point on the neutral axis of the deformed rod is denoted
by arc length s⁄ measured from end O. The deformed neutral axis
is a space curve deﬁned by position vector R⁄(s⁄, t⁄), where t⁄ is
time.
A body-ﬁxed right-handed orthonormal frame {d1, d2, d3} is
chosen in such a manner that vector d3 is in the direction of
the local tangent of the deformed neutral axis. Vectors d1 and
d2 are in the normal cross section of the rod and rotate along
with the cross section. {d1, d2, d3} are also called the directors.
When the rod is in the unstressed straight state, the frame
{d1, d2, d3} coincides with the frame {ex, ey, ez} in such a manner
that d3  ex, d1  ey, d2  ez. The vectors di(s⁄, t⁄) (i = 1, 2, 3) can
be expanded as
diðs; tÞ ¼ dixðs; tÞex þ diyðs; tÞey þ dizðs; tÞez ði ¼ 1; 2; 3Þ
ð2Þ
The rotation of the cross section can be deﬁned by the vector d1.
The conﬁguration of the deformed rod is determined completely by
the speciﬁcation of the two vector functions R⁄ and d1. From the
condition of inextensibility, the function R⁄ can be recovered from
the differential equation
R0 ¼ d3 ð3Þ
( )0 in Eq. (3) represents derivative with respect to s⁄. The evolution
of the frame {d1, d2, d3} along the rod is governed by the vector
equation
d0i ¼ u  di ði ¼ 1; 2; 3Þ ð4Þ
where u⁄ is the generalized strain vector (van der Heijden et al.,
2003),
u ¼ j1d1 þ j2d2 þ sd3 ð5Þ
It is noted that u⁄ is called a twist vector in Goriely and Tabor
(1997) and curvature vector in Coleman et al. (1993). Knowledge
of j1 and j2 is equivalent to knowledge of curvature and geomet-
rical torsion of the neutral axis regarded as a space curve. The
strain s⁄ measures physical twist, which is independent of the geo-
metrical torsion.
The internal moment vector M⁄(s⁄, t⁄) can be written as
M ¼ M1d1 þM2d2 þM3d3 ¼ Mxex þMyey þMzez ð6Þ
M1 and M

2 are bending moments in the directions of d1 and d2,
respectively. M3 is the twisting moment along the direction of d3.
The internal force vector F⁄(s⁄, t⁄) can be written as
F ¼ F1d1 þ F2d2 þ F3d3 ¼ Fxex þ Fyey þ Fzez ð7Þ
The equations of motion of the spatial elastica can be written as
(Coleman et al., 1993; Goriely and Tabor, 1997)
F0ðs; tÞ ¼ lA€Rðs; tÞ ð8Þ
M0ðs; tÞ þ d3ðs; tÞ  Fðs; tÞ
¼ 1
2
lJðd1ðs; tÞ  €d1ðs; tÞ þ d2ðs; tÞ  €d2ðs; tÞÞ ð9Þ
A is the area of the cross section. The overhead dot represents
temporal derivative.
The rod is assumed to be isotropic and linearly elastic. The con-
stitutive equations of the rod are
M1 ¼ EIj1; M2 ¼ EIj2; M3 ¼ GJs ð10Þ
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EIu ¼ M þ EI  GJ
GJ
 
ðM  d3Þd3 ð11Þ
After applying a cross product with vector di (i = 1, 2, 3) on both
sides of Eq. (11), one obtains
EId01 ¼ M  d1 þ
EI  GJ
GJ
 
ðM  d3Þðd3  d1Þ ð12Þ
EId02 ¼ M  d2 þ
EI  GJ
GJ
 
ðM  d3Þðd3  d2Þ ð13Þ
EId03 ¼ M  d3 ð14Þ
Eqs. (3), (8), (9), (12)–(14) are six coupled governing equations to
be used to solve for the six vector functions R⁄, F⁄,M⁄, d1, d2, and d3.
3. Static analysis
For static analysis, the right-hand sides of Eqs. (8) and (9) van-
ish. We introduce the following dimensionless variables (without
asterisks):
ðR; sÞ ¼ 1l ðR; sÞ;M ¼ M
 l
EI ; F ¼ F
 l2
EI ; u ¼ lu; c ¼ GJEI ; e ¼ 2l
ﬃﬃ
I
A
q
x ¼ l2
ﬃﬃﬃﬃ
lA
EI
q
x; t ¼ 1
l2
ﬃﬃﬃﬃ
EI
lA
q
t; mc ¼ m

c
llA
ð15Þ
e may be considered as a slenderness parameter of the rod. x is a
dimensionless natural frequency and t is time. After substituting
relations (15) into Eqs. (3), (12), and (14), we have the dimension-
less vector equations
R0ðsÞ ¼ d3ðsÞ ð16Þ
d01ðsÞ ¼ MðsÞ  d1ðsÞ þ ð1 cÞs½d3ðsÞ  d1ðsÞ ð17Þ
d03ðsÞ ¼ MðsÞ  d3ðsÞ ð18Þ
The internal momentM(s) in Eqs. (17) and (18) can be obtained
by integrating the static version of Eqs. (8) and (9) as,
MðsÞ ¼ RðsÞ  F0 þM0 ð19Þ
F0 and M0 are the internal force and moment, respectively, at
end s = 0. It is noted from Eq. (8) that in static case, the internal
force F(s) along the elastica is a constant vector and is equal to F0.
In the following, we expand all vectors in component forms
within the {ex, ey, ez} frame. For instance,
RðsÞ ¼ ðxðsÞ; yðsÞ; zðsÞÞ ð20Þ
diðsÞ ¼ ðdixðsÞ; diyðsÞ; dizðsÞÞ ði ¼ 1; 2; 3Þ ð21Þ
MðsÞ ¼ ðMxðsÞ; MyðsÞ; MzðsÞÞ ð22Þ
Eqs. (16)–(18) represent a system of three ﬁrst-order vector dif-
ferential equations with unknowns R(s), d1(s), and d3(s). The con-
ditions of these variables at s = 0 are
Rð0Þ ¼ ð0; 0; 0Þ ð23Þ
d1ð0Þ ¼ ð0; 1; 0Þ ð24Þ
d3ð0Þ ¼ ð1; 0; 0Þ ð25Þ
At end s = 1,
d3xð1Þ ¼ cos hB ð26Þ
d3zð1Þ ¼ 0 ð27Þd1zð1Þ ¼ 0 ð28Þ
xð1Þ  sin hB
hB
 
sin hB ¼ yð1Þ  1 cos hBhB
 
cos hB ð29Þ
zð1Þ ¼ 0 ð30Þ
The displacement dB of clamp B under end force PB is
dB ¼  xð1Þ  sin hBhB
 
cos hB  yð1Þ  1 cos hBhB
 
sin hB ð31Þ
For a prescribed end displacement dB, a shooting method can be
used to solve for the deformation of an elastica with speciﬁed c.
After making guesses on the six parameters F0x, F0y, F0z, M0x, M0y,
andM0z, one can integrate the nine scalar Eqs. (16)–(18) like an ini-
tial value problem from s = 0 to 1. The nine scalar conditions in Eqs.
(23)–(25) are used as initial conditions. The six Eqs. (26)–(31) at
s = 1 are used to check the accuracy of the six guesses. If the accu-
racy is not satisfactory, a new set of guesses is adopted. A Newton–
Raphson algorithm is adopted to improve the convergence of the
iteration. The moment distributions needed in integrating Eqs.
(17) and (18) can be obtained from Eq. (19) at each step. Finally,
the end force PB on the slider can be calculated as
PB ¼ F0x cos hB  F0y sin hB ð32Þ
For the case of a rod with circular cross section, it can be proved
that the dimensionless version of the physical twist s is a constant
(van der Heijden et al., 2003) and can be calculated as
s ¼ Mxð0Þd3xð0Þ
c
ð33Þ
If the elastica undergoes planar deformation, the physical twist
s is zero. If the elastica undergoes spatial deformation, on the other
hand, s is in general a non-zero constant. After ﬁnding vectors d1(s)
and d3(s), one can calculate d2(s) from
d2ðsÞ ¼ d3ðsÞ  d1ðsÞ ð34Þ4. Vibration analysis
In the static analysis in Section 3, it is shown that one needs to
solve the three coupled vector Eqs. (16)–(18) for R(s), d1(s), and
d3(s) ﬁrst. The rest of the unknown functions such as d2(s) can be
obtained later. In dynamic analysis, the procedure is much more
complicated because all the six vector functions R(s, t), F(s, t),
M(s, t), d1(s, t), d2(s, t), and d3(s, t) are coupled due to the inertial
terms in Eqs. (8) and (9). In this section we propose a procedure
which can be used to solve for the natural frequencies of the
elastica.
It is assumed that the static solutions have been known. They
are denoted Re(s), Fe(s), Me(s), d1e(s), d2e(s), and d3e(s). We super-
pose small harmonic perturbations to these static solutions in
the forms
Fðs; tÞ ¼ FeðsÞ þ FdðsÞ sinxt ð35Þ
Rðs; tÞ ¼ ReðsÞ þ RdðsÞ sinxt ð36Þ
Mðs; tÞ ¼ MeðsÞ þMdðsÞ sinxt ð37Þ
diðs; tÞ ¼ dieðsÞ þ didðsÞ sinxt ði ¼ 1; 2; 3Þ ð38Þ
After substituting Eqs. (35)–(38) into the dimensionless ver-
sions of Eqs. (3), (8), (9), (12)–(14), ignoring the higher order terms,
one obtains the linearized equations
R0dðsÞ ¼ d3dðsÞ ð39Þ
Sliding clamp 
Pulley
Dead load 
Laser displacement 
sensor
Control system
Adjustable platform
Fixed clamp 
Guide railRuler
String 
Fig. 2. Schematic diagram of the experimental set-up for force control.
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M0dðsÞ ¼ FeðsÞ  d3dðsÞ þ FdðsÞ  d3eðsÞ þ
1
4
x2e2½d1dðsÞ
 d1eðsÞ þ d2dðsÞ  d2eðsÞ ð41Þ
d01dðsÞ ¼ MeðsÞ  d1dðsÞ þMdðsÞ  d1eðsÞ þ 1cc
 
f½MeðsÞ  d3eðsÞ½d3eðsÞ  d1dðsÞ þ d3dðsÞ  d1eðsÞ
þ½d3eðsÞ  d1eðsÞ½MeðsÞ  d3dðsÞ þMdðsÞ  d3eðsÞg
ð42Þ
d02dðsÞ ¼ MeðsÞ  d2dðsÞ þMdðsÞ  d2eðsÞ þ 1cc
 
f½MeðsÞ  d3eðsÞ½d3eðsÞ  d2dðsÞ þ d3dðsÞ  d2eðsÞ
þ½d3eðsÞ  d2eðsÞ½MeðsÞ  d3dðsÞ þMdðsÞ  d3eðsÞg
ð43Þ
d03dðsÞ ¼ MeðsÞ  d3dðsÞ þMdðsÞ  d3eðsÞ ð44Þ
It is noted that the factor 1cc in Eqs. (42) and (43) can be also
written as 11m for a rod with circular cross section, where m is the
Poisson ratio. The boundary conditions for Eqs. (39)–(44) at s = 0
are
Rdð0Þ ¼ ð0; 0; 0Þ ð45Þ
didð0Þ ¼ ð0; 0; 0Þ ði ¼ 1;2;3Þ ð46Þ
If the elastica is under force control with prescribed PB, the bound-
ary conditions at end s = 1 are
didð1Þ ¼ ð0; 0; 0Þ ði ¼ 1; 2; 3Þ ð47Þ
Fxdð1Þ cos hB þ Fydð1Þ sin hB ¼ mcx2½xdð1Þ cos hB þ ydð1Þ
 sin hB ð48Þ
xdð1Þ sin hB  ydð1Þ cos hB ¼ zdð1Þ ¼ 0 ð49Þ
It is noted that the 18 linearized scalar equations from Eqs.
(39)–(44) are not independent. The components of vectors d1, d2,
and d3 are subject to six constraints; they are |d1| = 1, |d2| = 1,
d1  d2 = 0 and d3 = d1  d2. Therefore, there are only three inde-
pendent conditions in Eq. (47). In our calculation we choose
d1xdð1Þ ¼ d2ydð1Þ ¼ d3zdð1Þ ¼ 0 ð50Þ
If the elastica is under displacement control with prescribed
end displacement dB, the boundary conditions (48) and (49) are re-
placed by
Rdð1Þ ¼ ð0; 0; 0Þ ð51Þ
It is certainly possible to reduce the number of independent
equations from 18 to twelve by using the six constraints. In doing
so, however, the system of equations loses its current form of lin-
ear ﬁrst-order differential equations, which makes the shooting
method infeasible.
Another interesting point worth mentioning is the signiﬁcance
of the inertial term in the balance of moment, which is neglected
in Plaut and Virgin (2004). Eq. (41) shows that this term is propor-
tional to e2, which is small and may be negligible when the rod is
slender.
In summary, the 18 linearized scalar differential Eqs. (39)–(44)
admit nontrivial solutions only whenx is equal to an eigenvalue of
the system of equations. The unknowns to be found are the 18
functions xd(s), yd(s), zd(s), Fxd(s), Fyd(s), Fzd(s), Mxd(s), Myd(s), Mzd(s),
d1xd(s), d1yd(s), d1zd(s), d2xd(s), d2yd(s), d2zd(s), d3xd(s), d3yd(s), and
d3zd(s). It is noted that x in Eqs. (40) and (41) only appears in
the form of x2. Therefore, if the characteristic value x2 is positive,
the corresponding mode is stable with natural frequencyx. On theother hand, the equilibrium conﬁguration is unstable if x2 is
negative.
In the solution method we ﬁrst set Fxd(0) = 1. After guessing six
variables Fyd(0), Fzd(0), Mxd(0), Myd(0), Mzd(0), and x2, we can inte-
grate the homogeneous Eqs. (39)–(44) from s = 0 to 1. The assigned
Fxd(0) = 1 and guessed Fyd(0), Fzd(0),Mxd(0), Myd(0),Mzd(0), together
with boundary conditions in Eqs. (45) and (46) provide the needed
initial conditions. The six conditions in Eqs. (48)–(50) at s = 1 are
used to check the accuracy of the guesses. It is noted that some-
times the term Fxd(0) = 1 of a mode shape happens to be zero. In
such a case, the assignment Fxd(0) = 1 will yield no solution. When
this situation occurs, a different variable is set as 1 in the shooting
method; for instance, Fzd(0) = 1. If the elastica is under displace-
ment control, one needs to replace the conditions (48) and (49)
with those in Eq. (51).5. Experimental method
Fig. 2 shows a schematic diagram of the experimental set-up we
use to examine the theoretical predictions in force control. The thin
elastic rod is made of titanium–nickel alloy with 1 mm of diameter.
The titanium–nickel rod was tested on an INSTRON 3365 and the
Young’s modulus was measured as 28.8 GPa. The mass density is
6260 kg/m3. The alloy exhibits hyper-elastic behavior in room tem-
perature. One end of the rod is ﬁxed in an aluminum clamp, while
the other aluminum clamp on the other end is allowed to slide on a
linear guide rail. The angle between the ﬁxed clamp and the sliding
clamp is adjustable. The length of the rod between the two clamps
is 30 cm.
Two types of loading methods are adopted in measuring the
static deformation of the elastica. In force-control method, the slid-
ing clamp is attached by a cotton string. The string passes through
a pulley with a bucket attached to the other end. In the bucket we
add small steel screws one by one as dead load. Each small screw
weighs 11.2 g. The displacement of the sliding clamp can be re-
corded by using a ruler. In displacement-control method, one end
of a force gauge (AIKOH RX-20) is attached to the sliding clamp and
the other end is pulled by hand. After adjusting the sliding clamp to
a desired position, one can read the pulling force from the force
gauge readily.
It is more difﬁcult to measure the natural frequencies, espe-
cially in force control method. Although we tried to minimize the
friction between the guide rail and the sliding clamp by choosing
a high quality rail, it is futile in force-control experiments. The high
shear force at the sliding clamp produces a friction force which
prevents the sliding clamp from nudging when the elastica vi-
brates under light impact. This difﬁculty prevents us from obtain-
ing natural frequencies in force control. On the other hand, there is
Fig. 4. Relation between longitudinal force PB and end displacement dB for the case
when hB = 45. The thin lines and thick lines represent loci of planar and spatial
deformation conﬁgurations, respectively. The dashed and solid lines represent
unstable and stable solutions, respectively, under force control. Cross mark 
records experimental measurement.
Fig. 5. Relation between longitudinal force PB and end displacement dB for the case
when hB = 68. Only planar conﬁguration exists in this case. The dashed and solid
lines represent unstable and stable solutions, respectively, under force control.
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trol. After ﬁxing the sliding clamp at a desired position, we point a
laser displacement sensor (KEYENCE LK-G80) normal to one point
of the elastica. After hitting the elastica manually, we can obtain
the natural frequencies of the system under displacement control.
6. Load-deﬂection curves
Fig. 3 shows the relation between the longitudinal force PB and
end displacement dB for the case of hB = 20 when the elastica-
slider assembly is under force control. The slenderness parameter
e of the specimen is 1/600. The thin lines and thick lines represent
planar and spatial deformation conﬁgurations, respectively. The
dashed and solid lines represent unstable and stable solutions,
respectively. The stability of the deformations is determined by
inspecting the natural frequencies, as will be described later in
Fig. 7. Five critical points C1 (PB, dB) = (47.5, 0.577), C2 (63.8,
1.597), C3 (49.0, 0.693), C4 (23.7, 1.164), and C5 (0.202, 0.953)
are noted in the diagram. Points C1 is a sub-critical bifurcation
point, while C2 is a super-critical bifurcation point. C3 and C4 are
two limit points on the planar deformation locus, while C5 is a limit
point on the spatial deformation locus. The deformation conﬁgura-
tions on some points of the load-deﬂection curve are depicted in
the diagram.
For the case with hB = 20, it is expected that the elastica under-
goes planar deformation up to point C1 and jumps to a spatial con-
ﬁguration on the thick solid curve near point C2 when PB increases
monotonically. As PB continues to increase following the jump, the
spatial deformation will be gradually ‘‘ironed’’ out to a planar one.
In the unloading process when PB is decreased gradually from
above point C2, the planar deformation will evolve to a spatial
one smoothly as it traces the thick solid line until point C5. As PB
decreases below point C5, the elastica will jump back to a planar
conﬁguration near the origin.
The above theoretical prediction is conﬁrmed in a force-control
experiment. The cross marks () in Fig. 3 represent the measured
load-deﬂection relation. At the last point before a jump occurs,
the cross mark is circled. For convenient reference, we present
the measured results with both dimensionless parameters (left
and bottom sides) and the physical ones (right and top sides).
The same labeling style is adopted in all ﬁgures involving experi-
mental results. The measured deﬂections agree with the theoreti-
cal predictions reasonably well.Fig. 3. Relation between longitudinal force PB and end displacement dB for the case
when hB = 20. The thin lines and thick lines represent loci of planar and spatial
deformation conﬁgurations, respectively. The dashed and solid lines represent
unstable and stable solutions, respectively, under force control. Cross mark 
records experimental measurement.
Cross mark  records experimental measurement.Fig. 4 shows a similar case when hB is increased to 45. The crit-
ical points are deﬁned in a similar manner as those in Fig. 3. It is
noted that the limit point C3 is before the bifurcation point C1 as
we trace the load-deﬂection curve from PB = 0. As a result, for the
case when hB = 45, snapping occurs at point C3 in the loading pro-
cess, instead of point C1 like the case when hB = 20. This theoreti-
cal prediction is conﬁrmed by experiment. It is naturally expected
that for some hB between 20 and 45, points C1 and C3 will coin-
cide. Our numerical calculation shows that this happens when
hB = 29.
Another observation reveals that the range between C1 and C2
in which spatial deformation exists shrinks as hB increases from
20 to 45. Fig. 5 shows the load-deﬂection relation when
hB = 68. For this case, spatial deformation does not exist. Again,
the theoretical prediction is conﬁrmed by experiment. More calcu-
lations reveals that for hB greater than 68, no spatial deformation
will exist. The elastica-slider assembly jumps at C3 in the loading
process, and jumps at C4 in the unloading process. This result is
the same as that predicted in Chen and Lin (2008).
Fig. 6. Relation between the longitudinal force PB and end displacement dB for the
case when hB = 20. The thin lines and thick lines represent loci of planar and spatial
deformation conﬁgurations, respectively. The dashed and solid lines represent
unstable and stable solutions, respectively, under displacement control. Cross mark
 records experimental measurement.
y 
x 
z 
Fig. 7. The lowest two x2 of the planar deformation conﬁgurations for the elastica
with hB = 20 and mc = 0 under force control along locus C1–C3–C4–C2 in Fig. 3. The
mode shapes corresponding to x21 are purely planar on the xy-plane. The mode
shape corresponding to x22 is in the direction orthogonal to the xy-plane.
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placement control, the stability of the equilibrium conﬁgurations
may be altered. Fig. 6 shows the load-deﬂection diagram for
hB = 20 under displacement control. The main difference between
Figs. 3 and 6 is that the whole locus for spatial deformation is stable
in Fig. 6. As a consequence, no jumpwill occur in displacement con-
trol. The elastica evolves from planar to spatial at C1, passing point
C5, and then back to planar deformation smoothly at C2 as end dis-
placement dB increases monotonically. In the unloading process,
the elastica traces the same route C2–C5–C1 back to the origin
smoothly. The above prediction is conﬁrmed by experiment. For
the case when hB = 45, the elastica traces the route C3–C1–C5–C2
smoothly as dB increases monotonically. For the case when spatial
deformation does not exist at all, such as the case when hB = 68,
the whole locus is stable.Fig. 8. Equilibrium conﬁguration on xy-plane (solid) and vibrating out-of-plane
mode shape (dashed) corresponding to x22 ¼ 60 when dB = 0.35 in Fig. 7.7. Natural frequencies and mode shapes
Fig. 7 shows the ﬁrst two x2 of the planar deformation conﬁg-
urations for the elastica with hB = 20 and mc = 0 under force con-
trol along locus C1–C3–C4–C2 in Fig. 3. It is observed that x21becomes negative in the range between points C3 and C4. The mode
shapes corresponding to x21 are purely planar on the xy plane,
called in-plane mode. It is noted that x21 and its corresponding
mode shape are identical to those obtained by purely planar elas-
tica assumption (Chen and Lin, 2008). On the other hand, the x22 in
Fig. 7 becomes negative in the range between points C1 and C2. The
mode shape corresponding to x22 is in the direction orthogonal to
the xy plane, called out-of-plane mode. Fig. 8 shows the equilib-
rium conﬁguration (solid line) and vibrating mode shape (dashed
line) corresponding to x22 ¼ 60 when dB = 0.35 in Fig. 7. From the
signs ofx2 in Fig. 7, we conclude that the planar deformation along
locus C1–C3–C4–C2 in Fig. 3 is unstable between points C1 and C2.
Fig. 9 shows the ﬁrst two x2 of the spatial deformation conﬁg-
urations for the elastica with hB = 20 under force control along lo-
cus C1–C5–C2 in Fig. 3. Both the vibrating mode shapes
corresponding to x21 and x22 are spatial, including in-plane and
out-of-plane components simultaneously. It is observed that x21
in Fig. 9 becomes negative in the range between points C1 and
C5. Therefore, the spatial deformation along locus C1–C5–C2 in
Fig. 3 is unstable between points C1 and C5. The stability of the
deformations described in Section 4 is determined in this manner.
In the above discussions on force control the slider mass mc is
assumed to be zero. It is argued convincingly by Thompson and
Hunt (1984) that increasing or decreasing the inertial mass of this
type will not alter the stability property of the system, in spite of
the fact that it may lower its natural frequencies. This fact has also
been veriﬁed numerically and experimentally by Chen and Lin
(2008).
Fig. 10 shows the ﬁrst two x2 of the planar deformation conﬁg-
urations for the elastica with hB = 20 under displacement control
along locus C1–C3–C4–C2 in Fig. 6. The natural frequencies of planar
vibration are raised from the lowest to the second lowest x22 and
are all positive. The natural frequency of spatial vibration (in the
direction orthogonal to xy-plane) remains the same as the one un-
der force control and becomes the lowest x21. This is because the
change of boundary conditions from force control to displacement
control does not affect the vibration characteristics of the spatial
mode shape. As a consequence, along the locus C1–C3–C4–C2 in
Fig. 6, the deformations between points C1 and C2 are unstable.
Fig. 11 shows the ﬁrst two x2 of the spatial deformation conﬁg-
urations for the elastica with hB = 20 under displacement control
along locus C1–C5–C2 in Fig. 6. Since all the x2 are positive along
locus C1–C5–C2 we conclude that the spatial deformations along lo-
cus C1–C5–C2 in Fig. 6 are always stable. From the natural frequen-
cies in Figs. 10 and 11, we predict that the elastica deforms in
planar form from dB = 0 to point C1 and transforms to spatial defor-
mation smoothly, passing point C5, and then back to planar defor-
mation smoothly at C2 as end displacement dB increases
monotonically.
Fig. 9. The lowest two x2 of the spatial deformation conﬁgurations for the elastica
with hB = 20 under force control along locus C1–C5–C2 in Fig. 3. Both modes are
spatial in shape, including in-plane and out-of-plane components simultaneously.
Fig. 10. The lowest twox2 of the planar deformation conﬁgurations for the elastica
with hB = 20 under displacement control along locus C1–C3–C4–C2 in Fig. 6. The
mode shapes corresponding to x22 are purely planar on the xy-plane. The mode
shape corresponding tox21 is in the direction orthogonal to the xy-plane. Symbols 
and N are experimental measurements.
Fig. 11. The lowest two x2 of the spatial deformation for the elastica with hB = 20
under displacement control along locus C1–C5–C2 in Fig. 6. Symbols  and N are
experimental measurements.
Fig. 12. Power spectrums obtained when dB ¼ 120 mm by pointing the displace-
ment sensor (a) normal to, and (b) in the xy-plane. The two ﬁrst main peaks are
marked in Fig. 10 with symbols  and N, respectively.
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examined experimentally. The cross mark  in Fig. 10 shows theﬁrst peak in the power spectrum we obtained by pointing the laser
displacement sensor in a direction normal the xy-plane at a point
about one-ﬁfth of length from the ﬁxed clamp and impacting the
rod normal to the xy-plane near the midpoint. In this way we ob-
tained the x21 in Fig. 10 corresponding to the out-of-plane mode
shape. One example power spectrum, following 10 averages, is
shown in Fig. 12(a) when dB ¼ 120 mm, in which the ﬁrst main
peak is at 13.2 Hz. Similarly, the symbol N is obtained by pointing
the sensor in the xy-plane and normal to the surface of the rod. In
this way we obtained the x22 in Fig. 10 corresponding to the in-
plane mode shape. In the case when dB ¼ 120 mm, the power spec-
trum is shown in Fig. 12(b) with the ﬁrst main peak at 52.4 Hz. It is
observed that although the experimental measurements of x22 be-
fore point C1 are not as close to the theoretical predictions as we
desire, the general trend seems reasonable.
For the spatial deformation in Fig. 11, we obtained the ﬁrst two
peaks in the power spectrum by pointing the displacement sensor
normal to the xy-plane. The agreement between experiment and
theory in Fig. 11 is even worse than the one in Fig. 10, especially
near points C1 and C2. The only comforting result is that the exper-
imental measurement follows more or less the trend of the theo-
retical prediction.
Figs. 10 and 11 show that the theoretical predictions in general
underestimate the experimental measurements in natural fre-
quencies. Possible causes for the inconsistency may include plastic
deformation in the metallic rod following repeated experiments,
static sagging from gravity which is not accounted for in the the-
ory, and non-ideal clamping conditions at the ends. Furthermore,
the theoretical prediction is based on the linearization of the equa-
tions of motion, which requires the vibration amplitude to be
small. In the experiment, however, it is difﬁcult to obtain accept-
able data due to signal noise and the accuracy limit of sensor if
J. Fang, J.-S. Chen / International Journal of Solids and Structures 50 (2013) 824–831 831the vibration amplitude is too small. Therefore, we are forced to
impact the rod with larger amplitude, which then may induce non-
linear effect.
8. Conclusions
In this paper we study the static deformations and vibration fre-
quencies of a clamped–clamped spatial elastica with ﬁxed end
slope. One clamp is ﬁxed in space, and the other clamp is allowed
to slide on a linear frictionless track following an edge thrust. Both
force and displacement control procedures are studied. Emphasis is
placed on the effect of the slope difference between the two clamps
on the deformation and vibration frequencies of the spatial elas-
tica. In the theoretical work, the equations of motion are formu-
lated within the framework of director theory and solved
numerically by shooting method. The calculated natural frequen-
cies can be used to determine the stability of the loaded assembly.
By knowing the deformations and their stability under speciﬁed
control method, the deformation sequence of the device in reality
can be predicted. An experimental set-up is then designed to
examine the theoretical predictions on the static deformation
and natural frequencies of the device. Several conclusions are sum-
marized as follows:
(1) When the slope difference between the two clamps is smal-
ler than 68, two separate load-deﬂection (edge thrust -
slider displacement) curves can be found, one for spatial
deformation and the other for purely planar deformation.
The range in which spatial locus exists is smaller than the
planar one. More speciﬁcally, the two ends of the spatial
locus terminate separately in the middle of the planar locus.
The stability of the spatial and planar deformations depends
on the control method. In force control when the slope dif-
ference is smaller than 68, part of the planar locus and part
of the spatial locus are unstable. As a consequence, the elas-
tica-slider assembly may jump between planar and spatial
deformations as the edge thrust increases or decreases
monotonically. In the case of displacement control, on the
other hand, all spatial deformations are stable. As a conse-
quence, no jump will occur as the slider displacement is
increased or decreased monotonically. Instead, the elastica
transforms between planar and spatial deformations rela-
tively smoothly.
(2) In the case when the slope difference is greater than 68,
only planar deformation exists. In force control, the elas-
tica-slider assembly jumps between planar deformations
as the edge thrust increases or decreases monotonically. In
displacement control, no jump will occur and the assembly
deforms in planar form smoothly.
(3) In the experiment, the measurements on static displacement
of the slider yields consistent results compared with the the-
oretical predictions, in both force- and displacement-
controls. It is more difﬁcult to measure the natural frequen-
cies of the loaded device. In force-control, the friction force
between the slider and linear track is so signiﬁcant that
obtaining meaningful experimental data becomes infeasible.
In displacement control, the measured natural frequencies
follow the theoretical predictions in trend reasonably.However, the discrepancy between theory and experiment
is still signiﬁcant numerically. Several possible causes are
conjectured.
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